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Abstract—This work considers transient radiative and conductive heat transfer in a rectangular, absorbing—
emitting and isotropically scattering medium. An integral-equation method and a modified differential
approximation are applied to the radiation part of the present problem. Then, the radiation part and the
energy equation are solved by numerical methods simultaneously. Comparisons to results published
elsewhere for the special cases of steady-state two-dimensional and transient one-dimensional heat transfer
are made. The comparisons show that, along with a finite-difference scheme, the integral-equation method
generates very accurate results. The influence of aspect ratios, scattering albedos and conduction-to-
radiation parameters is investigated.

1. INTRODUCTION

IN A NUMBER of engineering applications it is necessary
to analyze radiative and conductive heat transfer in a
semi-transparent medium. Examples of such media
are glasses, low-density refractories and ceramics.
Lists of previous work on combined radiation and
conduction heat transfer can be found in a review
article [1] and a textbook [2]. Most of the previous
work is confined to one-dimensional cases. In recent
years, the steady-state multidimensional case has been
a subject of increasing interest. The P-N approxi-
mation [3], the finite-element method [4] and the rig-
orous method [5] were applied to examine the inter-
action of conduction and radiation in a rectangular,
absorbing and emitting medium. Previous studies [6—
8] and a few references cited therein have taken the
scattering effects into account. However, little work
considering transient multidimensional radiation and
conduction has been reported. Amlin and Korpela [9]
applied the P-1 approximation of radiation to study
the transient conductive and radiative heat transfer in
a rectangular absorbing-emitting medium. Dere-
vyanko and Koltun [10] proposed a combination of
the Monte Carlo method and the finite-difference
method for calculating the two-dimensional non-
steady radiative—conductive heat transfer. The above
work on transient multidimensional problems has not
taken scattering into account.

The present work considers transient radiative and
conductive heat transfer in a rectangular, absorbing—
emitting and isotropically scattering medium. The
analysis of interactive radiation and conduction is
made complicated by the nonlinear and nonlocal
character of the radiation phenomenon. For the
present scattering case, the solution of the radiation
part in terms of the temperature cannot be found

analytically. Therefore, an exact integral equation
method [11] and a modified differential approxi-
mation [12-14] are applied to the radiation part of
the present problem. The integral terms of the two
formulations are obtained by the quadrature methods,
while a finite-difference scheme is applied to the
differential terms. The objectives of the present work
are to demonstrate the heat transfer characteristics
of the present transient two-dimensional combined-
mode problem and to illustrate the application of the
two methods to the radiation part of the problem.

2. ANALYSIS

2.1. Exact integral formulation

The simultaneous transport of emergy by con-
duction and radiation in a rectangular semi-trans-
parent medium may be described in terms of the
geometry and an associated coordinate system shown
in Fig. 1. The present work assumes that the medium
absorbs, emits and isotropically scatters radiation, the
thermal and radiation properties are constant, and the
boundary surfaces are non reflecting. The medium,
which is initially at a uniform temperature 75, is exter-
nally heated or cooled from boundaries at fixed tem-
peratures. Here, the boundary surface at z = 0 is kept
at temperature 7, while the remaining three bound-
aries at z = ¢,y = 0 and b are kept at temperature T,.

The energy equation in terms of the dimensionless
temperature 6 and radiative heat flux Q° is

08(Y,Z,¢)
¢
for0<S Y<BO<Z<C (1)

V-V(Y,Z,¢)— %V'Q‘(Y,Z, § =

where the operator V is defined for two-dimensional
cases as
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NOMENCLATURE

thickness in the y direction

optical thickness in the y direction,
Fig. 1

thickness in the z direction

optical thickness in the z direction,
Fig. |

heat capacity
solid-angle-integrated intensity
contributed by the medium
solid-angle-integrated intensity
contributed by the boundary
dimensionless radiation intensity
dimensionless total blackbody
radiation intensity

unit vector in the y direction
thermal conductivity

unit vector in the z direction
refractive index of the medium
conduction-to-radiation parameter,
equation (2b)

total number of quadrature or grid
points in the y direction

total number of quadrature or grid
points in the z direction

optical distance, k =0, 1, ..., 4,
equations (10) and (18)
dimensionless heat flux
dimensionless source function
generalized exponential integral
function, equation (11)

time

reference temperature

temperature at t = 0

temperature at z = 0

temperature at y =0, b,and z = ¢

Wz

coordinates

Y,Z optical coordinates, Fig. 1.

Greek symbols

o

p
Al
AY

AZ

0

o
0,
0,

=

26 Aa™ vw

aspect ratio

extinction coefficient

increment of dimensionless time
optical distance between grid points in
the y direction

optical distance between grid points in
the z direction

dimensionless temperature
dimensionless temperature at £ =0
dimensionless temperature at Z = 0
dimensionless temperature at ¥ = 0,
BandZ=C

directional cosine of the polar angle,
Fig. 1

dimensionless time

density

Stefan—-Boltzmann constant

azimuthal angle, Fig. 1

scattering albedo.

Subscripts and superscripts

i

ith grid point in the y direction

J Jth grid point in the z direction
n nth time step
r radiation
y y direction
z z direction.
Other symbol
\% operator, equation (2a).

(0,C)

v

(B,0)

FiG. 1. Geometry and coordinates.
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o, 0

V=ﬁ]+ﬁk

(2a)
Y and Z are the optical coordinates defined as the
products of the geometrical coordinates and the
extinction coefficient f, & = kf%t/pC, is the dimen-
sionless time, B = bff, C = ¢f}, and the conduction-to-
radiation parameter is defined as

kp

N=—P
n’eT?

(2b)

with k, p, and C, being the thermal conductivity,
density, and heat capacity of the medium, respectively,
& the Stefan—Boltzmann constant, ¢ the time, and 7,
a selected reference temperature. Here 6 and Q" are
non-dimensionalized by dividing the temperature and
the radiative heat flux, respectively, by 7, and n’&T}.
The boundary conditions for equation (1) are

0(Y,0,) =0, 0<Y<B (3a)
0(Y,C.§) =0, 0<SY<B (3b)
00,2, =0, 0<Z<C (3¢)
0B, Z,6) =0, 0<Z<C (3d)
The initial condition is
0(Y,Z,0) =6, in0<Y<BO<K<ZLC 4

In the present work, we take the reference temperature
and initial temperature to be equal to 7, and T,
respectively. Hence, 8, = 1 and 6, = 0,.

The transport equation of radiation and boundary
conditions to this problem can be expressed as

msin(pal(Y,aZY,H, ?)

oIY,Z, 1,
+”( @)

37 +I(Y,Z, 1, 0)

=S(Y,2)

for0<Y<BOKZL(C-1<u<,09<2n

(5)
and

I(Ya 0’ H, (P) = Ib(el)

0<Y<BO<u<1,0<9p<2n (6a)
I(Ys C»ﬂs(f)) :Ih(HZ)
0<SY<B -l<us<

K0, Z, 1, ) = 1,(8,)

0,0<p<2n (6b)

0<Z<C -lgsusll0<gsosn (60
I(B.Z, pu,0) = I,(0,)
0<Z<C,—1<puglago<2n (6d)

where p is the directional cosine of the polar angle,
¢ the azimuthal angle, 7 the dimensionless radiation
intensity, /, the dimensionless blackbody radiation
intensity defined as
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1,(6) = 6° U
and S is the dimensionless source function defined as

S(Y,2) = (1-w)l,(6)

=0

1 2
+EJ 71[ Y, Z,p,)dodp  (8)

with @ being the scattering albedo. Here, 7 and S are
non-dimensionalized by dividing the intensity and the
source function by n>aT?/m, respectively.

Finding the formal solution of intensity, sub-
stituting the resulting equation into equation (8) and
transforming the resulting integrals over solid angle
into surface and volume integrals [11], one can obtain
the exact integral expression for the source function
as

S(Y, Z) = (1 -w)ly(0) + ©l,(6,)

+%)J [Ih(gl)—lb(ez)]SZ(pl)ZdY’
0 i
+%fCJB[S(Y' Z')~1,(6,)] 1(p")dY’dZ’ )
where
=[(Y=Y)+(Z-2)*)'" (10a)
P = (Y=Y + 272 (10b)

and §,, is a generalized exponential integral function
defined by

_ 2" exp(—p7)
SnlP) _nﬁ (=112 a

Using a similar procedure, one can also obtain the
exact expressions for the y component and the z com-
ponent of radiative flux

m=1,23,... (11

0.(Y.2) =f J (S(Y',Z') — 1(6,)]

o Jo

Sz(Po)
P

(Y— Y)dY’dZ’+ZJ [£,(6,) — 1,(8,)]

0

Ss(Pl)

——(Y-Y)dYy' (12)

l

QZ(Y~Z)=J ,[ [S(Y', Z)—1,(6,)]

a Jo

S B
2(p‘))(z Z)dY’ dZ’+sz [L(6,)—I.(6,)]
Po 0
s
><-—————3(fl)dY’ (13)
D
respectively.

The system of equations to be solved is equations
(1) and (9). The two equations are coupled by the
divergence of radiative flux in equation (1) and the
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emission term in equation (9). The divergence of radi-
ative flux may be expressed as

V-Q(Y,2) = (1-w) {4[11,(0)—11,(92)]

Sy (py)

pi

*r (o (0)—1,(0)] ——ZdY’

j J (S(Y', ) — 1y(8)] 2 P2 ‘("")

0

23y dz} (14)

When © =0, S = # and so we do not need to solve
equation (9).

2.2. Modified differential approximation (MDA)
For the present problem, the MDA for the radi-
ation part can be expressed as the differential equation

V3G, = 4(1— ), (0) +3(1 —)(G, + G,) —- 3G,

for0<Y<BOKZ<C (1Y)

with the boundary conditions
2(0G,/02)]3 = G atZ=0 (16a)
2(0G,/02)]3 = -G, atZ=C (16b)
2(0G,/0N)[3 =G atY =20 (16¢)
200G, /03 =—-G, atY=B8B (16d)

where G,, and G,, are the solid-angle-integrated inten-
sity contributed respectively by the medium and the
boundary. For the present probiem G, may be ex-
pressed in dimensionless form as

G.(Y.2) =ZJ Ib(el)SZ(”)
0
L B-Y) j 1b<02)S2(”2)d2'
+(C— aj 1,(9,) 2(p3)dY
P3
leb(ez) 2("“)dZ’ (17)
0 P4
where
pr=[(Y—B)?+(Z-Z)'}'" (18a)
Py =[(Y=Y)+(Z-C)°}' (18b)
pa =Y +(Z-2)1". (18¢c)

The divergence of radiative flux in equation (1) can
be expressed in terms of G, and G,, by

V-Q =4(1-0)L{®)+(0—1)(G,+G,). (19)

The radiative flux in terms of G, can be expressed as

C.-Y. Wu and N.-R. Ou

10G,
(Y, Z) = “37

'B
Zj l S}(fl)
0 Di

(Y- B)? Jclbwz)&(f”

0 2

dz’

B S5 (p;
+(Z*C)J L(6,) —— ©,)

0 Ps

f 1,(8,) =2 504 47
0 [74

10G, ., S](pl)
~337 t2 LI,,(G) o dy’

(Y-Y)dY’
(20a)

0uY.2) =

+(Y—B)f 1,(6,) 3(”2)(2 Z)dz’

0 2

(Z-0) rlb(ez)s“" d

0 P3

ch 1(6,)

2.3. Numerical procedure

For the exact formulation, the system of equations
to be solved is equations (1) and (9) for the two
unknowns € and S, respectively. Crosbie and
Schrenker [11] have obtained highly accurate solu-
tions for the integral equation of radiative transfer in
a rectangular medium by using the Labatto’s quad-
rature and singularity-subtraction technique. When
the Gaussian quadrature is used, results of the same
degree of accuracy can be obtained by fewer quad-
rature points [11]. However, solutions at the boundary
of the medium cannot be obtained by the Gaussian
quadrature directly. Here, we adopt either of the
quadrature methods to solve the radiation part the
present problem.

The conduction part is solved by a finite-difference
scheme. Using a central difference approximation for
the second-order space derivatives of § at each interior
grid point yields

2[0;’“/‘_0"']
VO, = e
(V-Vo), AY(AY,  +AY,_ )
o 2A—0))
AY, 1 (AY.  +AY )
2[0?’j+ [ OTJ]
AZ(AZ;, ,+AZ,_ )
~ 2002, —07, 1]
AZ, \(AZ;,,+AZ, )
i=23...,N—1, j=23,...,N—1,
n=0,1,2,...

dy’

(z-2)dZ'.

S(pe) 200)
pi

@1



Transient two-dimensional heat transfer

where the subscripts i and j represent the spatial
location in the y and z direction, respectively, the
superscript n represents the nth time step,
AY,=Y,,,—Y, and AZ, =2, ,—Z,. Using the
Crank—Nicolson scheme to approximate the step-wise
marching in time away from the given initial
condition, the finite-difference approximation of
equation (1) becomes

AE
2

+1 LA
g —0 =

[(V- Vo),

AE”
N

VO - = (V-Q), (22)
where A" = £"+1 — " is a variable increment of time.
At the beginning of time marching, to treat an abrupt
change in boundary temperature a small A" is chosen.
After | 06/0¢ | becomes small, a larger AE" is used.

Equations (1) and (9) are solved using different grid
points. Hence to solve equations (1) and (9) sim-
ultaneously, a bicubic spline two-dimensional inter-
polation is used.

Gauss—Sidel iteration is used to solve equation (22).
The temperature and the source function are iterated
at a given time until the current iteration and the
previous iteration meet the absolute convergence cri-
terion that

‘B(CUrrem)(Y’ Z, é) — G(previous) ( Y, Z, é)[ < 104 8 (23)

at each grid point. After finding the temperature at
each grid point at the given time step, the scheme
calculates the radiative flux at the given time step, and
then repeats the same calculation procedure at the
next time step. This recursive procedure is continued
until steady state is reached. The criterion for steady
state is generally |66/0¢| < 10~ at each grid point.

For the MDA, the system of equations to be solved
is equations (1) and (15). Since equation (15) is similar
to the steady-state version of equation (1), it can be
solved by a numerical scheme similar to that used to
solve equation (1) at a given time step.

3. RESULTS AND DISCUSSION

Since accurate results for the present transient two-
dimensional problem are not available, the results of
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the present work are benchmarked against the pub-
lished work of two special cases : the steady-state two-
dimensional case of Yuen and Takara [5] and the
transient one-dimensional case of Lii and Ozisik [15]
and Sutton [16].

In the current model, the one-dimensional case cor-
responds to the special case of B — oo. In Table 1, the
temperature and the radiative heat flux along the z
direction at the symmetry plane Y = B/2 of a wide
rectangular medium are compared against those of
the one-dimensional case. The present results are
obtained by the Labatto’s quadrature with N, = 15.
As shown in Table 1, the results of the wide rec-
tangular medium are in good agreement with those of
Sutton’s one-dimensional work {16]. This agreement
supports the accuracy of the present computation for
transient cases. However, two discrepancies are found.
The smaller discrepancy between the present results
and Sutton’s results [16] may be attributed to the y-
direction heat transfer of the present two-dimensional
model, whereas the discrepancy between Lii and Ozi-
sik’s results [15] and the others has been addressed in
Sutton’s work [16].

The results for the steady-state problem in a rec-
tangular medium are obtained by setting 6, = 1 at the
bottom surface and 6, = 0.5 at the other surfaces.
Tables 2 and 3 show the temperature and the heat-
flux distributions at the symmetry plane ¥ = B/2 and
the center plane Z = C/2, respectively. Those results
shown are obtained by using 11 x 11 elements in ref.
[5] and using 11 x 11 and 21 x 21 Gaussian quadrature
points in the present, more general model. Each of
Tables 2 and 3 includes three sets of results, (a), (b)
and (c), for B=C =0.1, 1 and 5, respectively. The
discrepancy between the results obtained by the pre-
sent work and those obtained by Yuen and Takara [5]
increases as the optical size of the medium increases, as
shown in Tables 2 and 3. The discrepancy is quite
small for the conduction-dominated case of N = 4.
Hence, the discrepancy is due to the solutions of the
integral equation of radiative transfer.

To illustrate further the accuracy of the numercal
results, the wall heat flux at each boundary and the
overall energy balance for a square medium with
B =C=1 are presented in Table 4. For various
values of N overall energy balance is achieved within

Table 1. Comparative results of the transient temperature distributions of a wide rec-
tangular medium (B = 5.0, C = 1.0) and a planar medium (C = 1.0) with w = 0.5,
N=04,0,=0,6,=10and 6, =0.0,at £ = 0.05

Ref. Z/C=1025 0.50 0.75
Temperature [15] 0.4617 0.1474 0.0277
[16] 0.4888 0.1778 0.0591
This work 0.4864 0.1775 0.0589
Radiative flux [15] 1.6436 1.2529 0.9746
{16} 1.9304 1.3305 0.8332
This work 1.9178 1.3310 0.8391
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Table 2(a). Comparative results of 8(B/2, Z) and Q, (B/2, Z) for square media with B = C = 0.1 and various values of N by
three schemes

N No. of grids or elements Z/C= 1.0 0.7 0.5 0.3 0.0

4.0 lix1l [5] 0= 0.500 0.560 0.625 0.733 1.000
Q.= 7.473 10.795 17.369 28.074 41.144

11 x 11 (this work) 0= 0.500 0.560 0.625 0.733 1.000

Q.= 7.474 10.795 17.369 28.075 41.144

21 x21 (this work) 0= 0.500 0.560 0.626 0.733 1.000

Q.= 7476 10.795 17.369 28.075 41.144

0.4 lix1i [5] #= 0.500 0.561 0.626 0.733 1.000
Q.= 1.100 1.542 2.305 3.503 4.932

11 x11 (this work) 6= 0.500 0.567 0.633 0.733 1.000

Q.= 1.100 1.542 2.304 3.504 4.932

21 x 21 (this work) 0= 0.500 0.563 0.630 0.733 1.000

Q.= 1.100 1.542 2.304 3.504 4.392

0.04 x1l 5] 0= 0.500 0.567 0.633 0.738 1.000
Q.= 0.462 0.616 0.798 1.046 1.311

11 x 11 (this work) = 0.500 0.568 0.634 0.738 1.000

Q.= 0.462 0.616 0.798 1.033 1.310

21 x21 (this work) 0= 0.500 0.568 0.634 0.738 1.000

Q.= 0.462 0.616 0.798 1.033 1.310

0.004 I1x11 [5] = 0.500 0.615 0.680 0.766 1.000
Q.= 0.398 0.524 0.648 0.801 - 0.949

11 x 11 (this work) = 0.500 0.615 0.680 0.766 1.000

Q.= 0.398 0.524 0.648 0.801 0.949

21 x21 (this work) 8= 0.500 0.615 0.680 0.766 1.000

Q.= 0.398 0.525 0.648 0.801 0.950

Table 2(b). Comparative results of 6(B8/2, Z) and Q.(B/2, Z) for square media with B = C = 1.0 and various values of N by
three schemes

N No. of grids or elements ZiC = 1.0 0.7 0.5 0.3 0.0
4.0 11x11 [5] 0 = 0.500 0.564 0.630 0.737 1.000
Q.= 0.927 1.352 2.112 3.315 4.701
I1x11 (this work) 0= 0.500 0.564 0.630 0.736 1.000
o.= 0.941 1.354 2.100 3311 4.740
21 x21 (this work) 0= 0.500 0.560 0.630 0.733 1.000
Q.= 0.941 1.354 2.102 3.313 4.740
0.4 Hx1il [5] 0= 0.500 0.589 0.661 0.763 1.000
Q.= 0.289 0.430 0.609 0.860 1.083
11x 1 (this work) 0= 0.500 0.593 0.663 0.759 1.000
Q.= 0.304 0.432 0.599 0.854 1.111
21 %21 (this work) 0= 0.500 0.590 0.663 0.760 1.000
Q.= 0.304 0.433 0.602 0.855 1.112
0.04 x1t [5] 0= 0.500 0.653 0.726 0.807 1.000
Q.= 0.222 0.344 0.463 0.610 0.780
11 x 11 (this work) 0= 0.500 0.664 0.725 0.791 1.000
Q.= 0.233 0.340 0.446 0.602 0.759
21 x21 (this work) 0= 0.500 0.663 0.725 0.791 1.000
0.= 0.230 0.341 0.449 0.605 0.755
0.004 I x11 5] 0= 0.500 0.685 0.736 0.794 1.000
0.= 0.226 0.322 0.423 0.556 0.722
11 x11 (this work) 0= 0.500 0.684 0.736 0.795 1.000
Q.= 0.220 0.324 0.424 0.570 0.723
21 x21 (this work) 0= 0.500 0.684 0.736 0.795 1.000
0. =

0.220 0.323 0.424 0.564 0.722
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Table 2(c). Comparative results of 6(B/2, Z) and Q,(B/2, Z) for square media with B = C = 5.0 and various values of N by
three schemes

N No. of grids or elements Z/C= 1.0 0.7 0.5 0.3 0.0

4.0 11x11 [5] 0= 0.500 0.567 0.640 0.755 1.000
Q.= 0.173 0.298 0.514 0.858 1.034

11x 11 (this work) = 0.500 0.576 0.648 0.756 1.000

Q.= 0.210 0.315 0.494 0.812 1.192

21 x21 (this work) 0= 0.500 0.576 0.648 0.756 1.000

Q.= 0.209 0.311 0.491 0.813 1.205

04 1Ix 1t [5] 0= 0.500 0.585 0.689 0.834 1.000
Q.= 0.039 0.130 0.257 0.408 0.253

11x 11 (this work) g = 0.500 0.626 0.707 0.802 1.000

Q.= 0.086 0.136 0.191 0.328 0.459

21x21 (this work) = 0.500 0.626 0.707 0.802 1.000

Q.= 0.086 0.136 0.195 0.330 0.452

0.04 11 x11 [5] 0= 0.500 0.658 0.732 0.814 1.000
Q.= 0.068 0.111 0.165 0.245 0.388

1 x11 (this work) = 0.500 0.655 0.733 0.818 1.000

Q.= 0.071 0.119 0.160 0.275 0.388

21 x21 (this work) = 0.500 0.656 0.733 0.818 1.000

Q.= 0.071 0.116 0.164 0.275 0.390

0.004 =11 [5] = 0.500 0.665 0.738 0.817 1.000
Q.= 0.071 0.110 0.161 0.238 0.380

11 x11 (this work) = 0.500 0.661 0.737 0.821 1.000

Q.= 0.069 0.117 0.157 0.269 0.386

21 x21 (this work) = 0.500 0.661 0.737 0.821 1.000

Q.= 0.068 0.115 0.161 0.269 0.386

Table 3(a). Comparative results of 0(Y, C/2), Q(Y, C/2) and O, (Y, C/2) for square media with
B = C = 0.1 and various values of N by three schemes

N No. of grids or elements Y/B = 0.6 0.8 1.0
4.0 11 x11 [5] 6= 0.620 0.577 0.500
Q.= 16.819 11.800 0.395
0, = 4.347 12.619 16.839
11x 11 (this work) 6= 0.620 0.577 0.500
Q.= 16.819 11.800 0.395
0, = 4.347 12.619 16.839
21 x 21 (this work) 0= 0.620 0.577 0.500
Q.= 16.819 11.800 0.395
0, = 4.347 12.619 16.839
0.4 Itx1l 5] = 0.621 0.578 0.500
0. = 2.241 1.668 0.395
0 = 0.494 1.431 1.919
11 x 11 (this work) 0= 0.620 0.578 0.500
Q.= 2.241 1.669 0.395
g, = 0.494 1.431 1.919
21x21 (this work) 0= 0.620 0.578 0.500
0.= 2.241 1.669 0.395
0, = 0.494 1.431 1.919
004  1Ix1il [5] 6= 0.628 0.583 0.500
Q.= 0.783 0.655 0.395
0, = 0.109 0.312 0.427
11x 11 (this work) 0= 0.628 0.583 0.500
Q.= 0.783 0.655 0.395
0,= 0.109 0.312 0.426
21 %21 (this work) 0= 0.628 0.583 0.500
.= 0.783 0.655 0.395
0, = 0.109 0.312 0.426
0.004 ILEx 1l [5] 0 = 0.674 0.620 0.500
Q.= 0.638 0.554 0.395
0 = 0.070 0.200 0.277
11x 11 (this work) 0= 0.674 0.620 0.500
Q.= 0.638 0.554 0.395
Q= 0.071 0.200 0.278
21 x21  (this work) 6= 0.674 0.620 0.500
Q.= 0.638 0.554 0.395
0, = 0.071 0.200 0.278
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Table 3(b). Comparative results of 6(Y, C/2), Q.(Y, C/2) and Q,(Y, C/2) for square media with
B = C = 1.0 and various values of N by three schemes

N No. of grids or elements Y/B = 0.6 0.8 1.0

4.0 11x11 {5] = 0.624 0.580 0.500
0.= 2.050 1.489 0.238

0= 0.491 1.422 1.898

11x 11 (this work) 0= 0.624 0.580 0.500

0.= 2.040 1.485 0.240

0, = 0.490 1.425 1.910

21x21 (this work) 0= 0.624 0.580 0.500

Q.= 2.045 1.485 0.240

0, = 0.491 1.425 1.905

0.4 11x1l [5] 0= 0.654 0.603 0.500
0.= 0.595 0.478 0.240

Q,= 0.107 0.305 0.404

11x 11 (this work) 0= 0.655 0.605 0.500

Q.= 0.585 0.474 0.240

0= 0.106 0.309 0.414

21 x21 (this work) 0= 0.654 0.603 0.500

Q.= 0.590 0.478 0.240

0, = 0.106 0.309 0.409

0.04 11x11 [5] 0= 0.721 0.669 0.500
Q.= 0.454 0.381 0.245

0, = 0.070 0.195 0.250

11x 11 (this work) 0= 0.720 0.679 0.500

0.= 0.438 0.371 0.243

Q= 0.069 0.195 0.260

21 x21 (this work) 0= 0.720 0.679 0.500

0.= 0.438 0.371 0.243

0= 0.069 0.195 0.260

0.004 11x11 [5) 0= 0.733 0.711 0.500
Q.= 0.416 0.357 0.242

Q= 0.059 0.171 0.243

11x 11 (this work) 0= 0.730 0.710 0.500

0. = 0.417 0.357 0.241

Q= 0.062 0.172 0.240

21x21 (this work) 0= 0.730 0.710 0.500

Q.= 0.417 0.357 0.241

0, = 0.060 0.172 0.240




Table 3(c). Comparative results of 8(Y, C/2), Q.(¥, C/2) and Q,(Y, C/2) for square media with

Transient two-dimensional heat transfer

B = C = 5.0 and various values of N by three schemes

N No. of grids or elements Y/B= 0.6 0.8 1.0

4.0 1 x11 [5] 0= 0.634 0.586 0.500
0.= 0.496 0.344 0.039

0= 0.125 0.344 0.418

11x 11 (this work) 0= 0.642 0.594 0.500

0.= 0.474 0.342 0.040

0, = 0.126 0.366 0.478

21x21 (this work) 0= 0.642 0.595 0.500

0. = 0.478 0.340 0.040

0, = 0.125 0.363 0.478

04 11x11 [5] 0= 0.681 0.614 0.500
Q.= 0.245 0.164 0.048

0, = 0.059 0.137 0.113

11x 11 (this work) = 0.702 0.655 0.500

0.= 0.183 0.141 0.048

Q= 0.050 0.145 0.190

21 x21 (this work) 8= 0.702 0.654 0.500

0, = 0.189 0.144 0.048

0,= 0.046 0.135 0.191

0.04 11x11 [3] 0= 0.728 0.692 0.500
0. = 0.161 0.129 0.061

0= 0.034 0.099 0.149

11x11 (this work) 0= 0.727 0.690 0.500

Q.= 0.154 0.121 0.053

0= 0.041 0.117 0.144

21x21 (this work) 0= 0.728 0.690 0.500

0, = 0.160 0.126 0.055

0= 0.036 0.118 0.146

0.004 11x11 [5] 0= 0.734 0.700 0.500
Q. = 0.158 0.128 0.063

0= 0.032 0.095 0.153

11x11 (this work) 0= 0.730 0.695 0.500

Q.= 0.157 0.119 0.053

0 = 0.040 0.113 0.137

21x21 (this work) 0= 0.730 0.695 0.500

0, = 0.157 0.115 0.056

Q= 0.040 0.115 0.138

Table 4. Comparative results of the wall heat flux at each boundary for a square medium with

B=C=10,N=04,0,=1.0and 8, = 0.5 by three schemes

Integral This work This work
N [5] 11x11 21 x21
4.0 Bottom wall 3.157 3.339 4.245
Side wall 2.824 3.027 3.931
Top wall 0.316 0.324 0.322
% error 0.54 0.36 0.19
04 Bottom wall 0.649 0.639 0.751
Side wall 0.518 0.529 0.635
Top wall 0.114 0.121 0.122
% error 2.52 1.72 0.80
0.04 Bottom wall 0.398 0.369 0.399
Side wall 0.298 0.276 0.301
Top wall 0.095 0.100 0.102
% error 3.54 1.90 1.00
0.004 Bottom wall 0.379 0.340 0.360
Side wall 0.274 0.248 0.263
Top wall 0.099 0.098 0.099
% error 1.63 1.76 0.56
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F1G. 2. Transient temperature distributions at the symmetry
plane of a square medium (« = 1.0) and a rectangular med-
ium (o = 0.2) with N = 0.04 and C = 1.0.

2% by 1lxI1l-point scheme and within 1% by
21 x 21-point scheme. Besides, the results obtained by
the two schemes are in good agreement for various N
and B = C, as shown in Tables 2, 3 and 4. Hence it
may be concluded that the 11 x 11-point scheme can
generate accurate enough results.

The transient temperature distributions at the sym-
metry plane Y = B/2 of a square medium (« = 1.0)
and a wide rectangular medium (x = 0.2) are pre-
sented in Fig. 2. Since for the cases considered the
optical thickness C is fixed, a smaller aspect ratio
o = C/B corresponds to a larger width B. For a med-
ium with a smaller « the loss of energy from the side
surfaces at ¥ = 0 and B is less and so its temperature
distributions appear higher. As seen from Fig. 2, the
effect of aspect ratios increases with time. Figure 2
also shows that in the late part of the transient heating
process a steeper temperature gradient is formed at
the bottom of the wide rectangular medium (x = 0.2)
with a small N. The temperature distribution in the
wide rectangular medium is qualitatively similar to
that in a one-dimensional slab [15].

Three-dimensional sketches of the temperature at
{=0.05 for =08 and w =0.0 are presented
respectively in Figs. 3(a) and (b). The temperature
around the center of a medium with strong scattering
(w = 0.8) is lower than that of a medium without
scattering (o = 0.0), because the strongly scattering
medium absorbs less energy from the heating surface
in the transient heating process. The variation of tem-
perature around the corner at Y = 0 and Z = 0 in the
strongly scattering medium in contrast with that of a
medium without scattering is mild. This is due to the
energy redistribution by scattering. Besides, a steeper
temperature gradient is not formed at the bottom of
the highly scattering square medium.
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Figures 4(a) and (b) show the effects of w and N on
the transient temperature distributions at the sym-
metry plane. The scattering albedo appears to have a
small effect on the temperature distributions. Com-
parisons of Figs. 4(a) and (b) show that the decrease
of N increases the dependence. For a fixed optical size
and N, the temperature distributions at the symmetry
plane in the heating process are usually higher for the
case with a smaller w, as shown in Figs. 3 and 4. As
seen from Figs. 4(a) and (b), this tendency becomes
apparent as time marches on.

The effects of the conduction-to-radiation par-
ameter N on the total heat flux and the radiative heat
flux are shown in Figs. 5(a) and (b), respectively. The
dimensionless time ¢ required to attain steady state
increases as the value of N decreases. Moreover, keep-
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FIG. 4. Transient temperature distributions at the symmetry
plane of a rectangular medium with B= C=1.0. (a)
N=40,(b) N =04

ing the medium size and the volumetric heat capacity
fixed, the absolute time is inversely proportional to
the thermal conductivity or the corresponding value
of N for the cases considered. For example, we can
interpret ¢ = 0.0005 for N = 0.4 and ¢ = 0.005 for
N =4 at the same absolute time. As seen from Fig.
5(a), at the same absolute time the heat flux in the
vicinity of the hot wall is larger for the case of larger
N. Figure 5(b) shows that, in general, the importance
of radiative heat transfer becomes greater and radi-
ative heat effects of the heating wall extend further
into the medium as & increases. As the conduction-to-
radiation parameter is lowered to a value of N = 0.004
the medium is radiation-dominated and the con-
tribution of the conductive heat flux is almost neg-
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F1G. 5. Heat flux distributions at the symmetry plane of a

square medium with w = 0.5 and C = 1.0 for a heating

process. (a) Total heat flux, (b) ratio of radiative heat flux
and total heat fiux.

ligible except in the vicinity of the walls. When the
conduction-to-radiation parameter is increased to a
value of N = 0.4, the medium near the hot wall is
dominated by conduction. In the early part of the
transient heating process, conduction is the dominant
transfer mode for N > 0.4, as shown in Fig. 5(b).
Table 5 shows the heat flux at the center point of
the bottom surface for N = 4.0 and 0.04. The dis-
crepancies between the results obtained by the MDA
with AY = AZ = 1/20 and 1/24 are less than 7 x 10*
for all the cases considered. Thus, AY = AZ = 1/24 is
assumed to be small enough for the present problem.
Comparisons of the results obtained by the MDA and
those obtained by the ordinary P-3 approximation [3]
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Table 5. Comparative results of Q.(B/20) for rectangular media with C = 1.0, 8, = 1.0, 6, = 0.5 and various aspect

ratios
P-1 P-3 MDA MDA Integral
N o [3] [3] (AY=AZ=1/20) (AY=AZ=1/24) [5]
4.0 0.5 9.852 9.048 9.030 8.969 8.772
1.0 5.203 4877 4.863 4.860 4.701
2.0 3.155 3.032 3.087 3.086
5.0 2.640 2.592 2.619 2.619
0.04 0.5 1.263 1.027 0.944 0.948 0.871
1.0 1.019 0.817 0.693 0.694 0.780
2.0 0.779 0.664 0.693 0.695
5.0 0.625 0.584 0.590 0.591

show good agreement. Further comparisons to the
solution of the integral equation show that the results
obtained by both approximations are close to those
obtained by solving the exact integral formulation
numerically. In general, the accuracy of the MDA is
superior to that of the P-1 approximation and almost
equivalent to that of the P-3 approximation, as shown
in Table 5. For more discussions about the differential
approximations for radiative transfer, a number of
references [3, 12-14 and 17-18] are available.
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